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The generalization of the multi-scale entanglement renormalization ansatz (MERA) to continuous
systems, or cMERA [Haegeman et al., Phys. Rev. Lett, 110, 100402 (2013)], is expected to become
a powerful variational ansatz for the ground state of strongly interacting quantum field theories. In
this paper we investigate, in the simpler context of Gaussian cMERA for free theories, the extent
to which the cMERA state |ΨΛ〉 with finite UV cut-off Λ can capture the spacetime symmetries
of the ground state |Ψ〉. For a free boson conformal field theory (CFT) in 1+1 dimensions as a
concrete example, we build a quasi-local unitary transformation V that maps |Ψ〉 into |ΨΛ〉 and
show two main results. (i) Any spacetime symmetry of the ground state |Ψ〉 is also mapped by
V into a spacetime symmetry of the cMERA |ΨΛ〉. However, while in the CFT the stress-energy
tensor Tµν(x) (in terms of which all the spacetime symmetry generators are expressed) is local,
the corresponding cMERA stress-energy tensor TΛµν(x) = V Tµν(x)V
† is quasi-local. (ii) From the
cMERA, we can extract quasi-local scaling operators OΛα(x) characterized by the exact same scaling
dimensions ∆α, conformal spins sα, operator product expansion coefficients Cαβγ , and central charge
c as the original CFT. Finally, we argue that these results should also apply to interacting theories.
PACS numbers: 05.30.-d, 02.70.-c, 03.67.Mn, 75.10.Jm
The study and numerical simulation of interacting
quantum many-body systems is an extremely challeng-
ing task. Making progress often requires the use of a
simplifying variational ansatz, such as the multi-scale en-
tanglement renormalization ansatz (MERA) [1], which
aims to describe the ground state of lattice Hamiltoni-
ans. The MERA can be visualized as the result of a
unitary evolution, running from large distances to short
distances, that maps an initial unentangled state into
a complex many-body wavefunction by gradually intro-
ducing entanglement into the system, scale by scale. The
success of the MERA in a large class of lattice systems,
including systems with topological order [2] or at a quan-
tum critical point [1, 3–5], teaches us that this entangling
evolution in scale picture is a valid –and computationally
powerful!– way of thinking about ground states and their
intricate structure of correlations. With a built-in notion
of the renormalization group [6], MERA is also actively
investigated in several other contexts, from holography
[7–9] (as a discrete realization of the AdS/CFT corre-
spondence [10]) to statistical mechanics [11], error cor-
rection [12], and machine learning [13].
The MERA formalism can also be applied to a quan-
tum field theory (QFT), after introducing a lattice as a
UV regulator. For instance, when applied to a conformal
field theory (CFT) [14–16], corresponding to a critical
QFT, lattice MERA has been seen to accurately repro-
duce the universal properties of the corresponding quan-
tum phase transition (as given by the conformal data)
[4, 5]. However, introducing a lattice has a devastating
effect on the spacetime symmetries of the original QFT,
∗ qhu@perimeterinstitute.ca
with e.g. translation and rotation invariance being re-
duced to invariance under a discrete subset of transla-
tions and rotations. To overcome this difficulty, Haege-
man, Osborne, Verschelde, and Verstraete [17] proposed
the continuous MERA (cMERA), which describes an en-
tangling evolution of the quantum field degrees of free-
dom, from some IR length scale large all the way down to
a UV length scale 1/Λ, directly in the continuum, that is,
without introducing a lattice. In this case, the entangling
evolution in scale is generated by a Hermitian operator
L + K that explicitly preserves translation and rotation
invariance. While a fully general cMERA algorithm for
interacting QFTs (the truly interesting but much more
challenging scenario) is still missing (see however [18]),
the simplified Gaussian version of cMERA, also proposed
in Ref. [17], already provides a valuable proof of princi-
ple that lattice MERA can be successfully extended to
the continuum, one that has attracted considerable at-
tention in the context of holography [19] and can extract
non-perturbative information of interacting QFTs [18].
In this paper we explore to what extent, and in which
sense, cMERA can preserve the spacetime symmetries
of the original QFT. Our starting point is the simple
observation that, by construction, a successful cMERA
approximation |ΨΛ〉 should reproduce the targeted QFT
ground state |Ψ〉 at all length scale all the way down to
1/Λ (the scale at which the entangling evolution ends).
Accordingly, there should exist a quasi-local unitary
transformation V , acting non-trivially only at short dis-
tances . 1/Λ, that maps |Ψ〉 into |ΨΛ〉, i.e. |ΨΛ〉 = V |Ψ〉.
If this was indeed the case, then we could use V to map
any generator G of a symmetry of the ground state, sat-
isfying G|Ψ〉 = 0, into a quasi-local version GΛ ≡ V GV †
satisfying GΛ|ΨΛ〉 = 0. That is, all symmetries of |Ψ〉, in-
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2cluding its spacetime sysmmetries, would automatically
turn into symmetries of |ΨΛ〉, which would however be
realized quasi-locally. For the sake of concreteness, in
this paper we will formalise the above intuition and ex-
plore its implications for a specific QFT, namely the 1+1
free boson CFT, whose spacetime symmetries are given
by the conformal group. However, the above result can
be seen to hold more generally for any optimized Gaus-
sian cMERA in Ref. [17], and we expect it to be correct
also in the interacting case. We will first show that the
optimized cMERA |ΨΛ〉 for the 1+1 free boson CFT,
as provided in [17], is invariant under (a quasi-locally
generated version of) the global conformal group, which
includes scale transformations. We will then see that the
quasi-local generator DΛ ≡ V DV † (where D is the gen-
erator of scale transformations or dilations in the CFT) is
equal to the generator L+K of the entangling evolution
in scale that defined the cMERA in the first place. Fi-
nally, as a practical application, we will explain how the
(exact!) conformal data of the target CFT can be ex-
tracted from |ΨΛ〉 by studying the set of smeared scaling
operators OΛα(x) associated to D
Λ = L+K, thus estab-
lishing that cMERA can capture the universality class of
a quantum phase transition.
Continuous MERA for a massless free boson.— Con-
sider the 1+1 dimensional massless Klein Gordon QFT,
H =
1
2
∫ ∞
−∞
dx :
[
pi(x)2 + (∂φ(x))2
]
: (1)
for bosonic conjugate field operators φ(x) and pi(x), with
[φ(x), pi(y)] = iδ(x− y). H can be diagonalized [20],
H =
1
2
∫
dk :
[
pi(−k)pi(k) + k2φ(−k)φ(k)] : (2)
=
∫
dk |k| a(k)†a(k). (3)
by first introducing Fourier space mode operators φ(k) ≡
1√
2pi
∫
dx e−ikxφ(x) and pi(k) ≡ 1√
2pi
∫
dx e−ikxpi(x) and
then annihilation operators a(k),
a(k) ≡
√
|k|
2
φ(k) + i
√
1
2|k|pi(k), (4)
with [a(k), a(q)†] = δ(k−q). Above, the normal ordering
:A: of an operator A is defined as usual by placing the
a’s to the right of the a†’s [e.g., if A = a(k)a(q)†, then
:A : = a(q)†a(k)] and ensures a vanishing energy for
the ground state |Ψ〉 of H, which is characterized by the
infinite set of linear constraints
a(k)|Ψ〉 = 0, ∀k. (5)
On the other hand, the Gaussian cMERA |ΨΛ〉 for this
CFT, as proposed and optimized in Ref. [17], reads
|ΨΛ〉 ≡ U(0,−∞)|Λ〉, (6)
FIG. 1. Left: function g(k) = exp
(−e−γ(k/Λ)2) /2 for the
optimized Gaussian cMERA of Ref. [17], where γ ≈ 0.57722
is Euler’s constant (see Appendix). For comparison, the CFT
dilation operator D such that D|Ψ〉 = 0 corresponds to choos-
ing g(k) = 1/2 and the non-relativistic dilation operator L
such that L|Λ〉 = 0 corresponds to g(k) = 0). Right: function
α(k) for g(k), interpolating between the linear dependence k
for the CFT ground state |Ψ〉 at small k and the constant
value Λ for the product state |Λ〉 at large k.
namely it is the result of applying a unitary evolution U
to a product (unentangled) state |Λ〉, characterized by(√
Λ
2
φ(k) +
i√
2Λ
pi(k)
)
|Λ〉 = 0, ∀k. (7)
In the context of a scale invariant QFT, U reads
U(sUV , sIR) ≡ e−i(L+K)(sUV −sIR), (8)
where the generator of non-relativistic dilations L and
the so-called entangler K are given by
L ≡ 1
2
∫
dk
[
pi(−k)(k∂k + 1
2
)φ(k) + h.c.
]
, (9)
K ≡ 1
2
∫
dk g(k)
[
pi(−k)φ(k) + h.c.], (10)
and the optimized function g(k) in Fig. 1 smoothly ap-
proaches 1/2 and 0 for small and large k, respectively,
g(k) ∼
{
1/2, |k|  Λ,
0, |k|  Λ. (11)
By introducing new annihilation operators aΛ(k),
aΛ(k) ≡
√
α(k)
2
φ(k) + i
√
1
2α(k)
pi(k), (12)
with [aΛ(k), aΛ(q)†] = δ(k−q), here we start by pointing
out that the cMERA state in Eq. 6 can be equivalently
specified by the modified set of linear constraints
aΛ(k)|ΨΛ〉 = 0, ∀k, (13)
provided α(k) and g(k) are related by dα(k)/dk =
2g(k)α(k)/k (see Appendix). For the g(k) in Fig. 1,
this implies
α(k) ∼
{ |k|, |k|  Λ (CFT limit),
Λ, |k|  Λ (product state limit). (14)
3To gain insight into the structure of |ΨΛ〉, we notice that
the constraints it satisfies (Eqs. 12-14) interpolate be-
tween the constraints of the CFT ground state |Ψ〉 (Eqs.
4-5) at small k and those of the product state |Λ〉 (Eq.
7) at large k. In other words, the optimized cMERA
should somehow behave as the CFT ground state |Ψ〉 at
large distances x 1/Λ and as the product state |Λ〉 at
short distances x  1/Λ [17]. A direct calculation [21]
confirms that, in sharp contrast to the target CFT, in
cMERA correlation functions and entanglement entropy
remain finite/regulated at short distances, implying that
|ΨΛ〉 has a built-in UV cut-off.
Smearing symplectic transformation.— In order to in-
vestigate the spacetime symmetries of |ΨΛ〉, let us intro-
duce the unitary map V , defined by
V φ(k)V † =
√
α(k)
|k| φ(k) ≡ φ
Λ(k), (15)
V pi(k)V † =
√
|k|
α(k)
pi(k) ≡ piΛ(k). (16)
This map implements a symplectic transformation (pre-
serving canonical commutation relations) that trans-
forms a(k) into V a(k)V † = aΛ(k) and therefore the CFT
ground state into the cMERA, V |Ψ〉 = |ΨΛ〉. The trans-
formation is quasi-local: V maps the sharp field operators
φ(x) and pi(x) into operators φΛ(x) and piΛ(x) that are
smeared over a length 1/Λ. Indeed, through a Fourier
transform of φΛ(k) and piΛ(k) we obtain
φΛ(x) = V φ(x)V † =
∫
dy µφ(x− y)φ(y), (17)
piΛ(x) = V pi(x)V † =
∫
dy µpi(x− y)pi(y), (18)
where µφ and µpi are distributional Fourier transforms
[24] of
√
α(k)
|k| and
√
|k|
α(k) that are upper bounded by an
exponentially decaying function for Λ|x|  1 (see Ap-
pendix). We also note that since V acts diagonally in
momentum space, its action by conjugation commutes
with the spatial derivative ∂x. For instance,
(∂xφ)
Λ(x) ≡ V ∂xφ(x)V † = ∂x
(
V φ(x)V †
)
= ∂x(φ
Λ(x)),
with the smearing function µφ′(y) for (∂xφ)
Λ(x) being
the derivative of the smearing function for φΛ(x), that
is µφ′(y) = dµφ(y)/dy = 1/
√
2pi
∫
dk eiky (ik)
√
α(k)
|k| .
In particular, the right moving and left moving fields
∂φ(x) ≡ (∂xφ(x) − pi(x))/2 and ∂¯φ(x) ≡ (∂xφ(x) +
pi(x))/2 of the CFT [22] are mapped into smeared right
and left moving fields, e.g.
(∂φ)
Λ
(x) ≡ V ∂φ(x)V † = 1
2
(
∂xφ
Λ(x)− piΛ(x)) . (19)
Quasi-local stress-energy tensor.— The spacetime
symmetry generators of the CFT are naturally ex-
pressed in terms of the symmetric, traceless stress-
energy tensor Tµν(x) [16], with components T00(x) =:
[
pi(x)2 + (∂xφ(x))
2
]
: /2 ≡ h(x) and T01(x) = − :
pi(x)∂xφ(x):≡ p(x), where h(x) and p(x) are the energy
and momentum densities. In close analogy, the quasi-
local stress-energy tensor TΛµν(x) ≡ V Tµν(x)V † defines
quasi-local energy and momentum densities,
hΛ(x) ≡ TΛ00(x) =
1
2
:
[
piΛ(x)2 + (∂xφ
Λ(x))2
]
:, (20)
pΛ(x) ≡ −iTΛ01(x) = − :piΛ(x)∂xφΛ(x) :, (21)
where we have used that for any two operators
A(x) and B(x), (A(x)B(y))Λ ≡ V (A(x)B(y))V † =(
V A(x)V †
) (
V B(y)V †
)
= AΛ(x)BΛ(y) and the normal
order is now with respect to the annihilation operators
aΛ(k) in Eq. 12. As argued earlier, any generator of a
symmetry of the CFT ground state |Ψ〉 is mapped into a
quasi-local generator of a symmetry of |ΨΛ〉. Let us now
elaborate this point with a few explicitly examples.
Translations in time and space.— Hamiltonian H =∫
dx h(x) in Eq. 1 and the momentum operator P ≡∫
dx p(x), generators of translations in time (t, x)→ (t+
t0, x) and in space (t, x)→ (t, x+ x0), are mapped into
HΛ =
∫
dx hΛ(x) =
∫
dk |k| aΛ(k)†aΛ(k), (22)
PΛ =
∫
dx pΛ(x) =
∫
dk k aΛ(k)†aΛ(k), (23)
whose expressions in terms of the annihilation operators
aΛ(k) make manifest that HΛ|ΨΛ〉 = 0, PΛ|ΨΛ〉 = 0, and
that |ΨΛ〉 is the ground state of the quasi-local Hamil-
tonian HΛ, since HΛ ≥ 0. Direct inspection shows that
PΛ = P . We have thus recovered the known invariance of
|ΨΛ〉 under space translations generated by P [17] (equiv-
alently, PΛ), and have in addition shown its invariance
under time translations generated by HΛ. Notice, more-
over, that a complete set of simultaneous eigenstates of
HΛ and PΛ, can now be built by applying the creation
operators aΛ(k)†’s on |ΨΛ〉.
Lorentz boosts and scale transformations.— We can
similarly define cMERA analogues of the generators
B ≡ ∫ dx x h(x) and D ≡ ∫ dx x p(x) of boosts
(x, t) → γ(x − vt, t − vx) [where γ ≡ 1/√1− v2 is the
Lorentz factor and v is the relative velocity] and dilations
(t, x)→ (λt, λx) [where λ is the re-scaling factor], namely
BΛ =
∫
dx x hΛ(x) (24)
= i
∫ ∞
−∞
dk aΛ(k)†sgn(k)
(
k∂k +
1
2
)
aΛ(k), (25)
DΛ =
∫
dx x pΛ(x) (26)
= i
∫ ∞
−∞
dk aΛ(k)†
(
k∂k +
1
2
)
aΛ(k), (27)
which again manifestly annihilate |ΨΛ〉. Operator BΛ
generates a continuous symmetry of |ΨΛ〉 related to rel-
ativistic invariance and with no counter-part on the lat-
tice. Importantly, a direct computation (see Appendix)
4shows that DΛ = L + K, so that the generator of scale
transformations DΛ coincides with the generator L+K
of the unitary evolution in scale that defines the cMERA
|ΨΛ〉. Accordingly, the cMERA state |ΨΛ〉 is scale invari-
ant, in spite of containing no entanglement at distances
smaller than 1/Λ, if we agree to regard DΛ = L + K as
the generator of dilations. The dilations generated by DΛ
not only re-scale spacetime in the usual sense, but also
introduce or remove entanglement as needed in order to
reset the UV cut-off back to 1/Λ.
We emphasize that, by construction, the operators
HΛ, PΛ, BΛ and DΛ inherit the commutation rela-
tions of the CFT generators ([HΛ, PΛ] = [BΛ, DΛ] = 0,
−i[DΛ, HΛ] = HΛ, etc) and therefore close the same
algebra, which can be extended to the global confor-
mal group and even to the full Virasoro algebra (see
Appendix). Thus, the cMERA realizes a quasi-local,
smeared version of conformal symmetry.
In Ref. [17], Haegeman et al. pointed out that the
state |ΨΛ〉 recovers scale invariance in the limit Λ→∞,
where it coincides with the target CFT ground state |Ψ〉.
Here we have just argued, in sharp contrast, that |ΨΛ〉
is already scale invariant at finite Λ, provided that we
adopt DΛ = L+K as the generator of scale transforma-
tions. Admittedly, the scale invariance of |ΨΛ〉 is a tau-
tology (because |ΨΛ〉 had been introduced in Eqs. 6-8 as
a fixed-point of L + K!). To see why these unorthodox
notions of scale transformation and scale invariance are
nevertheless very useful, next we show that they lead to
smeared versions of the scaling operators of the theory
from which the conformal data of the target CFT can be
extracted.
Quasi-local scaling operators and conformal data.—
Let us thus search for the quasi-local scaling operators
OΛα(x) that transform covariantly under D
Λ and BΛ, that
is, such that (choosing x = 0 for simplicity)
−i[DΛ, OΛα(0)] = ∆αOΛα(0), (28)
−i[BΛ, OΛα(0)] = sαOΛα(0), (29)
where ∆α and sα are the scaling dimension and confor-
mal spin of OΛα(x), respectively [23]. One could deter-
mine OΛα by solving Eqs. 28-29, but there is no need.
Indeed, we can instead use V to translate the sharp scal-
ing operators of the CFT (which are already known [16])
into smeared cMERA scaling operators. A first exam-
ple is a linear scaling operator of the CFT, namely the
right moving field ∂φ(x) discussed before, which satisfies
−i[D, ∂φ(0)] = ∂φ(0) and −i[B, ∂φ(0)] = ∂φ(0), imply-
ing a scaling dimension ∆∂φ = 1 and conformal spin
s∂φ = 1. Using the symplectic map V we readily obtain
corresponding expressions for ∂φΛ(x) in Eq. 19, namely
−i[DΛ, ∂φΛ(0)] = ∂φΛ(0), (30)
−i[BΛ, ∂φΛ(0)] = ∂φΛ(0), (31)
and thus ∂φΛ(x) has the same scaling dimension ∆∂φΛ =
1 and conformal spin s∂φΛ = 1 by D
Λ and BΛ as ∂φ(x)
has by D and B. This results extends to all scaling op-
erators of the CFT, including e.g. quadratic scaling op-
erators such as the right moving part of the stress-energy
tensor, T (x) = −2pi : ∂φ(x)∂φ(x) :, with ∆T = sT = 2,
or vertex operators Vν(x) ≡ :eiνφ(x) :. Moreover, opera-
tors OΛα(x) also inherit from the CFT its operator prod-
uct expansion (OPE) coefficients Cαβγ . For instance,
the OPE ∂φ(x)∂φ(y) ∼ −1/ (4pi(x− y)2), which implies
C∂φ∂φ1 = −1/4pi (see Appendix), translates into
∂φΛ(x)∂φΛ(y) ∼ −1
4pi
1
(x− y)2 , (32)
and thus identical OPE coefficient. Finally, the central
charge c can be obtained from (a translation of) the stan-
dard OPE of T (x) with itself, namely
TΛ(x)TΛ(y) ∼ c/2
(x− y)4 +
2TΛ(y)
(x− y)2 +
∂yT
Λ(y)
(x− y) , (33)
which results in c = 1.
Discussion.— We have seen that the Gaussian cMERA
for a 1+1 free boson CFT, as proposed and optimized in
Ref. [17], inherits (a quasi-locally realized version of)
the spacetime symmetries of the conformal theory. This
result was based on identifying the quasi-local unitary
transformation V that maps the CFT ground state |Ψ〉
into the cMERA |ΨΛ〉, and then using it to also map
the symmetry generators of the original theory. As an
application, we have shown that from the generators
DΛ = L+K and BΛ =
∫
dx x hΛ(x) we can reconstruct
all the conformal data of the original CFT, namely the
central charge c, and the scaling dimensions ∆α and con-
formal spins sα of the primary fields, together with their
OPE coefficients Cαβγ . A similar transformation V can
also be built for the optimized Gaussian cMERA of any
free QFT analysed in Ref. [17], including higher dimen-
sional CFTs (invariant under the global conformal group)
and massive relativistic QFTs (invariant only under the
Poincare group, with a scale dependent entangler K(s)).
We conclude by briefly commenting on the (non-
Gaussian) cMERA for interacting QFTs, for which no
optimization algorithm is yet known. Based on the suc-
cess of MERA [1, 4, 5] for interacting theories on the lat-
tice over the last 10 years, it is reasonable to speculate
that a putative interacting cMERA algorithm will pro-
duce an optimized state |ΨΛ〉 that will again only differ
significantly from its target ground state |Ψ〉 at short dis-
tances. Accordingly, a quasi-local unitary V should also
exist relating |Ψ〉 and |ΨΛ〉 that maps the generators of
symmetries into quasi-local generators. In this way, for
instance, we once again expect to be able to extract an
accurate estimate of the conformal data of an interacting
CFTs from an optimized non-Gaussian cMERA approx-
imation |ΨΛ〉.
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I. APPENDIX A: AN ENTANGLING
EVOLUTION IN SCALE
In this appendix we consider in more detail the Gaus-
sian cMERA |ΨΛ〉 for the ground state |Ψ〉 of the 1+1
free boson CFT discussed in the main text. This specific
instance of cMERA was originally proposed and exten-
sively discussed by Haegeman, Osborne, Verschelde, and
Verstraete in the supplementary material of Ref. [17].
The goal of this appendix is to provide further details on
the new results presented in the main text of our paper.
These include an alternative characterization of |ΨΛ〉 in
terms of a set of annihilation operators, regarding the
L+K as a generator DΛ of dilations at finite UV cut-off,
and establishing the quasi-local character of the associ-
ated scaling operators.
We start by providing some intuition on the first char-
acterization of the cMERA |ΨΛ〉 for a CFT. This corre-
sponds to the original definition of cMERA in [17] spe-
cialized to a CFT,
|ΨΛ〉 = lim
sIR→∞
e−i(L+K)(0−sIR)|Λ〉, (34)
which regards |ΨΛ〉 as the fixed point of an infinitely long
unitary evolution generated by the (scale independent)
operator L+K, where
L ≡ 1
2
∫
dk
[
pi(−k)(k∂k + 1
2
)φ(k) + h.c.
]
, (35)
K ≡ 1
2
∫
dk g(k)
[
pi(−k)φ(k) + h.c.], (36)
acting on an initial product state |Λ〉. We then es-
tablish the equivalence between this characterization
and a second, alternative characterization in terms of a
complete set of annihilation operators aΛ(k), such that
aΛ(k)|ΨΛ〉 = 0 for all k. Finally, we show that the sym-
plectic transformation V that maps the target ground
state |Ψ〉 into the cMERA |ΨΛ〉, |ΨΛ〉 = V |Ψ〉, is quasi-
local, by showing that its action on the sharp field oper-
ators φ(x) and pi(x) produces quasi-local field operators
φΛ(x) and piΛ(x).
A. Simplified cMERA |Ψ˜Λ〉 with sharp cut-off
To gain intuition on the fixed-point characterization
of cMERA, we will temporarily work with a simplified
choice of g(k) in Eq. 36, denoted g˜(k),
g˜(k) ≡
{
1/2, |k| ≤ Λ,
0, |k| > Λ. (37)
corresponding to a sharp cut-off, see Fig. 2(a). This
simplified choice was also already discussed in Ref. [17].
Through the condition dα(k)/dk = 2g(k)α(k)/k (proved
below), we obtain a simplified function α(k), denoted
α˜(k),
α˜(k) ≡
{ |k|, |k| ≤ Λ,
Λ, |k| > Λ, (38)
represented in Fig. 2(b), which characterizes the simpli-
fied cMERA state |Ψ˜Λ〉,(√
α˜(k)
2
φ(k) +
i√
2α˜(k)
pi(k)
)
|Ψ˜Λ〉 = 0, ∀k. (39)
The above simplified g˜(k) leads to an entangler K˜ that
is not quasi-local in real space [17], as can be readily
checked by performing a Fourier transform. That is, the
simplified cMERA |Ψ˜Λ〉 fails to satisfy a defining feature
of a proper cMERA |ΨΛ〉, namely that the generator L+
K of the entangling evolution be quasi-local. Still, the
entangler K˜ leads to a simplified flow in the space of
constraints (to be discussed below) that already contains
the essential ingredients of the flow that appears when
using a quasi-local K.
B. Relativistic and non-relativistic scale
transformations
With g˜(k), the operator L + K˜ acts as the generator
D of CFT dilations (named relativistic scaling operator
L′ in Ref. [17]),
D ≡ 1
2
∫
dk
[
pi(−k)(k∂k + 1)φ(k) + h.c.
]
, (40)
for |k| < Λ and as the non-relativistic scaling operator L
in Eq. 35 for |k| > Λ.
Recall that the CFT dilation generator D, which gen-
erates scale transformations on the CFT, acts on the field
operators as
−i[D,φ(k)] = − (k∂k + 1)φ(k), (41)
−i[D,pi(k)] = − (k∂k + 0)pi(k). (42)
Therefore, an evolution by D for a small  > 0 transforms
the operators φ(k) and pi(k) as
φ(k)→ e−φ(e−k), pi(k)→ pi(e−k), (43)
7FIG. 2. (a) Simplified function g˜(k) of Eq. 61 character-
ized by a sharp cut-off at |k| = Λ. (b) Corresponding sim-
plified α˜(k) of Eq. 38 characterizing the simplified cMERA
state |Ψ˜Λ〉 of Eq. 39. (c) Flow in the space (k, β) of linear
constraints described in Eq. 49 generated by the simplified
L + K˜. Under a small evolution by L + K˜, (k, β) becomes
(k′, β′), where β′ < β if |k| ≤ Λ (as illustrated by the β1 and
β′1) and β
′ = β if |k| > Λ (as illustrated by β2 and β′2).
It follows that D has the CFT ground state |Ψ〉(√
|k|
2
φ(k) +
i√
2|k|pi(k)
)
|Ψ〉 = 0, ∀k, (44)
as a fixed-point, D|Ψ〉 ∝ |Ψ〉.
In turn, the non-relativistic scaling operator L, which
generates scale transformations in a non-relativistic the-
ory, acts on the fields as
−i[L, φ(k)] = −
(
k∂k +
1
2
)
φ(k), (45)
−i[L, pi(k)] = −
(
k∂k +
1
2
)
pi(k), (46)
or
φ(k)→ e− 2φ(e−k), pi(k)→ e− 2pi(e−k) (47)
from where it follows that it has the product state |Λ〉(√
Λ
2
φ(k) +
i√
2Λ
pi(k)
)
|Λ〉 = 0, ∀k, (48)
as a fixed-point, L|Λ〉 ∝ |Λ〉.
C. Linear constraints and their flow under L+ K˜
Consider now a constraint of the form(√
β
2
φ(k) +
i√
2β
pi(k)
)
|Φ〉 = 0, (49)
where β > 0 is some real value. We can characterize
this linear constraint on the state |Φ〉 by a pair (k, β).
Under a small evolution of the operators φ(k) and pi(k)
by L+ K˜, Eqs. 43-47, this constraint is transformed into
a new constraint
e−

2
(√
β
2
e−

2φ(e−k) +
i√
2β
e

2pi(e−k)
)
|Φ〉 = 0,
(50)
if |k| ≤ Λ, and
e−

2
(√
β
2
φ(e−k) +
i√
2β
pi(e−k)
)
|Φ〉 = 0, (51)
if |k| > Λ. Therefore the new constraint(√
β′
2
φ(k′) +
i√
2β′
pi(k′)
)
|Φ〉 = 0, (52)
is characterized by the pair (k′, β′) with k′ ≡ ke− and
β′ =
{
e−β for |k| ≤ Λ,
β for |k| > Λ. (53)
Fig. 2(c) represents the flow generated by L + K˜ in the
space of constraints (k, β). Notice the ground state |Ψ〉
in Eq. 44, the product state |Λ〉 in Eq. 48, and the sim-
plified cMERA state |Ψ˜Λ〉 in Eq. 39 are all characterized
by a complete family of linear constraints (k, β(k)) for all
k ∈ R, to which we can refer by just specifying the func-
tion β(k). Specifically, they correspond to β(k) = |k|,
β(k) = Λ, and β(k) = α˜(k), respectively. In particu-
lar, it can be seen that the curve α˜(k) for the simplified
cMERA |Ψ˜Λ〉 is a fixed-point of this flow.
D. Evolution in scale
We can now put all the pieces together and study how
the characterization of the state
|Ψ˜ΛsIR〉 ≡ e−i(L+K˜)(0−sIR)|Λ〉 (54)
in terms of a function β(k) = α˜sIR(k) depends on the
infrared scale sIR ≤ 0, which measures the length of the
evolution. This is illustrated in Fig. 3. For sIR = 0 we
have the product state |Ψ˜Λ0 〉 = |Λ〉, characterized by a
flat α˜0(k) ≡ Λ. For finite sIR < 0, the state |Ψ˜ΛsIR〉 is
characterized by a function α˜sIR(k) with two plateaus,
8FIG. 3. Evolution of a complete set of constraints under
a scale transformation in scale generated by the simplified
L + K˜. Starting from the product state |Λ〉 in Eq. 48, the
sequence represents the constraints α˜sIR(k) defining |Ψ˜ΛsIR〉
for four different values of sIR ≤ 0, namely sIR = 0, s, s′,∞ ,
with 0 > s > s′ > ∞. Each coloured arrow corresponds to a
constraint, which evolves as a function of sIR. The function
α˜(k) appears as the fixed-point of the evolution.
one at ΛesIR for small |k| and another at Λ for large |k|,
connected by a segment of linear growth:
α˜sIR(k) ≡
 Λe
sIR for |k| ≤ ΛesIR ,
|k| for |k| ∈ [ΛesIR ,Λ],
Λ for |k| > Λ.
(55)
Then, in the limit sIR → −∞ we recover the α˜(k) of Eq.
62 characterizing the simplified cMERA state |Ψ˜Λ〉.
We conclude that the simplified cMERA |Ψ˜Λ〉 can be
indeed equivalently characterized either (i) as the result
of applying the unitary evolution U˜ on the product state
|Λ〉, |Ψ˜Λ〉 = U˜ |Λ〉, where
U˜ ≡ lim
sIR→−∞
e−i(L+K˜)(0−sIR), (56)
or (ii) in terms of the complete set of linear constraints
(k, α˜(k)) for all k ∈ R, Eqs. 38-39.
The connection between the two characterizations can
be simply summarized by the observation that U˜ is a
symplectic transformation that acts on the fields as
U˜φ(k)U˜† =
√
α˜(k)
Λ
φ(k), (57)
U˜pi(k)U˜† =
√
Λ
α˜(k)
pi(k), (58)
so that it transforms the complete set of constraints
β(k) = Λ of the product state |Λ〉 into the complete set
of constraints β(k) = α˜(k) of the simplified cMERA state
|Ψ˜Λ〉, namely
U˜
(√
Λ
2
φ(k) +
i√
2Λ
pi(k)
)
U˜† = (59)(√
α˜(k)
2
φ(k) +
i√
2α˜(k)
pi(k)
)
(60)
Analogous statements apply also for the choice of g(k)
leading to a quasi-local K, such as the one used in the
main text, as discussed next.
E. Connecting g(k) and α(k)
Let us now consider a more general g(k) still satisfying
that it approaches 1/2 and 0 at very small and very large
momenta,
g(k) ∼
{
1/2, |k|  Λ,
0, |k|  Λ, (61)
so that L+K approaches the CFT dilation generator D
and the non-relativistic scaling operator L in those two
limits. The fixed-point of the unitary evolution generated
by this L+K is then a cMERA that can be alternatively
characterized by a complete set of linear constraints α(k),
where one expects α(k) to approach the behaviour of the
constraints for the CFT ground state |Ψ〉 and that of the
constraints for the product state |Λ〉 at very small and
very large momenta,
α(k) ∼
{ |k|, |k|  Λ,
Λ, |k|  Λ. (62)
Next we show that given a function g(k) for the entan-
gler K, the function α(k) characterizing a complete set
of constraints for the resulting cMERA |ΨΛ〉, namely
aΛ(k)|ΨΛ〉 = 0, ∀k, (63)
with
aΛ(k) ≡
√
α(k)
2
φ(k) +
i√
2α(k)
pi(k), (64)
is the solution to the differential equation
dα(k)
dk
=
2g(k)α(k)
k
. (65)
This is shown by studying how the annihilation oper-
ator aΛ(k) evolves under DΛ = L+K. Explicitly, since
−i[DΛ, φ(k)] = −
(
k∂k +
1
2
+ g(k)
)
φ(k), (66)
−i[DΛ, pi(k)] = −
(
k∂k +
1
2
− g(k)
)
pi(k), (67)
9we then have that
−i [DΛ, aΛ(k)] (68)
= −i
[
DΛ,
√
α(k)
2
φ(k) + i
√
1
2α(k)
pi(k)
]
(69)
= −
√
α(k)
2
(
k∂k +
d
2
+ g(k)
)
φ(k) (70)
−i
√
1
2α(k)
(
k∂k +
d
2
− g(k)
)
pi(k) (71)
= −
(
k∂k +
d
2
)[√
α(k)
2
φ(k) + i
√
1
2α(k)
pi(k)
]
(72)
+
(
k
2α(k)
dα(k)
dk
− g(k)
)[√
α(k)
2
φ(k)− i
√
1
2α(k)
pi(k)
]
= −
(
k∂k +
d
2
)
aΛ(k) +
(
k
2α(k)
dα(k)
dk
− g(k)
)
aΛ(−k)†.
This expression reduces to
− i [DΛ, aΛ(k)] = −(k∂k + d
2
)
aΛ(k) (73)
if and only if Eq. 65 is satisfied. Eq. 73 then tells us
that under DΛ, the linear constraints of Eq. 64 are mod-
ified by a linear combination of the same constraints. In
other words, the linear constraints before and after the
transformation by DΛ are collectively equivalent. There-
fore they uniquely characterizes the same Gaussian state
|ΨΛ〉.
F. Symplectic transformation V
Let us now examine the symplectic transformation V
that maps the target ground state |Ψ〉 of the 1+1 free
boson CFT into the cMERA |ΨΛ〉, |ΨΛ〉 = V |Ψ〉. It is
given by
V φ(k)V † =
√
α(k)
|k| φ(k) ≡ φ
Λ(k), (74)
V pi(k)V † =
√
|k|
α(k)
pi(k) ≡ piΛ(k), (75)
which implies that, indeed, V a(k)V † = aΛ(k), so that
it maps the linear constraints of |Ψ〉 into the linear con-
straints of |ΨΛ〉.
We do so for the specific choice
g(k) =
1
2
exp
(
− 1
σ
(
k
Λ
)2)
, (76)
which is equivalent to that proposed in Ref. [17], except
for the presence of a factor σ ≈ 1.78107, namely the
exponential of Euler’s constant γ ≈ 0.57722. Notice that
g(k) tends to 1/2 and 0 for small and large |k|, as in Eq.
61. The corresponding α(k) satisfying Eq. 65 is
α(k) = Λ exp
(
1
2
Ei
(
− 1
σ
(
k
Λ
)2
))
, (77)
where Ei is the special function known as exponential
integral,
Ei(y) ≡ −
∫ ∞
−y
e−t
t
dt, (78)
which accepts the following convergent series
Ei(y) = γ + ln |y|+
∞∑
k=1
yk
k k!
. (79)
From these expressions in can be easily seen that α(k)
tends to |k| and Λ for small and large |k|, as in Eq. 62.
[We note that σ is required in the above expressions in
order for α(k) to grow as α(k) = |k|+O(k2) in the limit
of small k, as needed if |ΨΛ〉 is to approximate |Ψ〉 at
large distances.]
G. Quasi-local scaling operators
Next we show that the absolute value of the (gener-
alized) functions µφ(x) and µpi(x) for the smeared fields
φΛ(x) and piΛ(x),
φΛ(x) = V φ(x)V † =
∫
dy µφ(x− y)φ(y), (80)
piΛ(x) = V pi(x)V † =
∫
dy µpi(x− y)pi(y), (81)
can be upper bounded by O(exp (−|Λx|) for |Λx|  1,
so that we can think of φΛ(x) and piΛ(x) as quasi-local
fields with a characteristic length scale upper bounded
by 1/Λ.
The Fourier transforms of
√
α(k)
|k| and
√
|k|
α(k) , see Eqs.
74-75 are distributions and, as such, cannot be reliably
obtained through a numerical Fourier transform. [That
the profile functions µφ(x) and µpi(x) are actually distri-
butions should not come as a surprise. In the original
CFT, with sharp field operators φ(x) and pi(x), they are
already distribitions, namely delta functions δ(x)]. In or-
der to analyse these distributions, we decompose them as
sum of two pieces
µφ(x) = µ
(1)
φ (x) + µ
(2)
φ (x), (82)
µpi(x) = µ
(1)
pi (x) + µ
(2)
pi (x), (83)
where the first term is conveniently chosen such that (i) it
is a distribution with an analytic Fourier transform and
(ii) the remaining term is sufficiently regular that it can
be reliably obtained by a numerical Fourier transform.
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Since
√
α(k)
|k| ∼ |k/Λ|−
1
2 as |k| → ∞, we choose
µ
(1)
φ (k) ≡ (1 + k2/Λ2)−
1
4 , which has the same asymp-
totic behavior for large |k| (to leading order in |k|). This
function has an analytical distributional Fourier trans-
form,
µ
(1)
φ (x) ≡ F
(
(1 + k2/Λ2)−
1
4
)
(x) =
23/4K 1
4
(|Λx|)
Γ
(
1
4
) |Λx|1/4 ,
(84)
where Kn is the modified Bessel function of the second
kind, and Γ is the Euler gamma function. It can be shown
that it has asymptotic behavior
µ
(1)
φ (x) ∼

|Λx|−1/2, |Λx|  1;
21/4
√
pie−|Λx|
Γ( 14 )|Λx|3/4
, |Λx|  1.
(85)
Arguing similarly about
√
|k|
α(k) , we choose µ
(1)
pi (k) ≡
(1+k2/Λ2)
1
4 , which has analytical distributional Fourier
transform,
µ(1)pi (x) ≡ F
(
(1 + k2/Λ2)
1
4
)
(x) =
25/4K 3
4
(|Λx|)
Γ
(− 14) |Λx|3/4 .
(86)
Its asymptotic behavior is
µ(1)pi (x) ∼

− 12 |Λx|−3/2, |Λx|  1;
23/4
√
pie−|Λx|
Γ(− 14 )|Λx|5/4
, |Λx|  1.
(87)
µ
(1)
pi (x) should be understood as a distribution. Its action
on a test function f(x) is defined as the Hadamard finite-
part integral [24]:
〈µ(1)pi , f〉
≡ lim
→0+
(∫
R\(−,)
µ(1)pi (x)f(x)dx+ 2Λ
− 32 −
1
2 f(0)
)
.
(88)
It is clear that µ
(1)
φ (x) and µ
(1)
pi (x) both decay exponen-
tially for large |x|. Since µ(2)φ (x) and µ(2)pi (x) are non-
singular, the singular behaviors of µφ(x) and µpi(x) for
|Λx|  1 are the same as µ(1)φ (x) and µ(1)pi (x).
After the subtraction, we can readily apply a numerical
Fourier transform to µ
(2)
φ (k) ≡
√
α(k)
|k| − (1 + k2/Λ2)−
1
4
and µ
(2)
pi (k) ≡
√
|k|
α(k) − (1 + k2/Λ2)
1
4 . By summing the
analytical part and numerical part, we can see that µφ(x)
and µpi(x) decay roughly esxponentially for large x, and
µpi(x) also oscillates, as shown in Fig. 4.
In fact, it can be proven that
µφ(x), µpi(x) = exp
{
−Λx
√
σ log(Λx) + o(Λx
√
log(Λx))
}
,
(89)
FIG. 4. Generalized functions µφ(x) and µpi(x) for large
Λx  1, together with function const. × e−u(x) for u(x) =
Λx
√
σ log(Λx). Both µφ(x) (blue) and |µpi(x)| (in yellow
when µpi(x) > 0 and green when µpi(x) < 0) where obtained
numerically by adding the contributions (see Eqs. 82-83) of an
analytical Fourier transform and a numerical Fourier trans-
form. The results were obtained using arbitrary precision
arithmetic.
as x→∞. The rigorous proof is rather lengthy, so here
we only outline it for the asymptotic behavior of µφ(x).
That µφ(x) is the Fourier transform of
√
α(k)
|k| is equiva-
lent to the following integral equation,
(x∂x +
1
2
)µφ(x) +
1√
2pi
∫
g(x− y)µφ(y)dy = 0, (90)
where g(x) =
√
σΛ2
8 e
− 14σΛ2x2 is the Fourier transform of
g(k). (This follows from requiring that −i[DΛ, φΛ(x)] =
(x∂x + 0)φ
Λ(x) at x = 0). We define a new variable u(x)
such that,
µφ(x) = e
−u(x). (91)
We seek the solution to this integral equation among
functions satisfying a few conditions:
u′(x)→∞, log(u′(x)) = o(log(Λx)), as x→∞;
|u′(x)− u′(y)| = o(
√
log(Λx)) + o(Λ|x− y|),
as x, y →∞.
(92)
Then the convolution term in Eq. 90 can be approxi-
mated as∫
g(x− y)µφ(y)dy
=
√
pi
2
µφ(x)e
1
σΛ2
(
u′(x)+o(
√
log Λx)
)2
(1+o(1)). (93)
One can show that there exists solution to Eq. 90 satis-
fying conditions Eq. 92, and it reads
u(x) = Λx
√
σ log Λx+ o(Λx
√
log Λx). (94)
Then we prove Eq. 89 for µφ(x). The proof for µpi(x) is
obtained similarly, starting from −i[DΛ, piΛ(x)] = (x∂x+
1)piΛ(z) at x = 0.
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II. APPENDIX B: RADIAL AND N-S
QUANTIZATIONS
In this paper we have analysed the spacetime symme-
tries of the cMERA state |ΨΛ〉 for the ground state |Ψ〉
of a 1+1 dimensional CFT where space corresponds to
the real line x ∈ R. We have done so in terms of a sub-
set of generators of global conformal transformations on
the real line (namely the Hamiltonian H, the momentum
operator P , the dilation and boost generators D and B,
which can be completed with the generators of special
conformal transformations K1 and K2).
The spacetime symmetries of a 1+1 CFT are usually
analysed using instead radial quantization, where space
corresponds to the circle. The Virasoro generators Ln
and L¯n can then be mapped onto generators L
′
n and L¯
′
n
on the real line, producing the so-called N-S quantiza-
tion (North pole - South pole quantization), as described
e.g. in S. Rychkov’s notes EPFL Lectures on Conformal
Field Theory in D >= 3 Dimensions, arXiv:1601.05000,
for the global conformal group in higher dimensions. The
goal of this appendix, which contains no original research,
is to briefly review the connection between radial quanti-
zation and N-S quantization, following a detailed expla-
nation kindly offered to the authors by John Cardy, and
to clarify their relation to the generators H,P,B,D used
in the main text.
A. Complex coordinates and stress-energy tensor
We can parameterize the Euclidean plane by the com-
plex coordinate z ≡ z0 + iz1, and use z and z¯ as new
coordinates,
z = z0 + iz1 z0 = 12 (z + z¯)
z¯ = z0 − iz1 z1 = 12i (z − z¯)
∂z =
1
2 (∂0 − i∂1) ∂0 = ∂z + ∂z¯
∂z¯ =
1
2 (∂0 + i∂1) ∂1 = i (∂z − ∂z¯)
(95)
The stress-energy tensor Tµν(z
0, z1) of a CFT is sym-
metric (T10 = T01) and traceless (T11 = −T00). In com-
plex coordinates we obtain components
Tzz =
1
4
(T00 − i(T10 + T01)− T11) (96)
=
1
2
(T00 − iT01) (97)
Tz¯z¯ = (T00 + i(T10 + T01)− T11) (98)
=
1
2
(T00 + iT01) (99)
whereas Tzz¯ = Tz¯z = (T00 + T11)/4 = 0. In addition,
from the conservation law gαµ∂αTµν = 0 it follows that
Tzz is a holomorphic function (∂z¯Tzz = 0) whereas Tz¯z¯
is antiholomorphic (∂zTz¯z¯ = 0). Finally, the renormal-
ized holomorphic and antiholomorphic components of the
stress-energy tensor are given by
T (z) ≡ −2piTzz(z), T¯ (z¯) ≡ −2piTz¯z¯(z¯) (100)
B. Generators of conformal coordinate
transformation
Holomorphic (antiholomorphic) conformal coordinate
transformations z → f(z) (respectively z¯ → f¯(z¯)) pre-
serve angles and are generated by infinitesimal transfor-
mations
z → z +
∞∑
n=−∞
cnz
n+1 = (1−
∞∑
n=−∞
cnln)z (101)
z¯ → z¯ +
∞∑
n=−∞
c¯nz¯
n+1 = (1−
∞∑
n=−∞
c¯n l¯n)z¯, (102)
where cn ∈ C and the holomorphic and antiholomorphic
generators ln and l¯n are given by
ln ≡ −zn+1∂z, l¯n ≡ −z¯n+1∂z¯, (103)
which close the Witt algebra [16]
[lm, ln] = (m− n)lm+n, (104)[
l¯m, l¯n
]
= (m− n)l¯m+n, (105)[
lm, l¯n
]
= 0. (106)
C. Radial quantization
In radial quantization, the Virasoro generators are de-
fined in terms of the (renormalized) holomorphic and an-
tiholomorphic components T (z) and T¯ (z¯) of the stress-
energy tensor as
Ln ≡ 1
2pii
∮
|z|=1
dz zn+1T (z), (107)
L¯n ≡ 1
2pii
∮
|z¯|=1
dz¯ z¯n+1T¯ (z¯), (108)
where the integrals are over the unit circle |z| = 1 and
|z¯| = 1 respectively. They close the Virasoro algebra [16]
[Lm, Ln] = (m− n)Lm+n + c
12
m(m2 − 1)δm,−n, (109)[
L¯m, L¯n
]
= (m− n)L¯m+n + c
12
m(m2 − 1)δm,−n, (110)[
Lm, L¯n
]
= 0. (111)
D. From the circle to the real line
We would like to obtain an expression for the genera-
tors of the conformal group when the CFT is quantized
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FIG. 5. Under the conformal map z → ξ ≡ x + iτ , where
z = (1 + iξ)/(1 − iξ), the unit circle |z| = 1 is mapped into
the real line ξ = x, where x ∈ R.
on the real line. The usual strategy is to map the gener-
ators Ln and L¯n from the unit circle to the real line. For
this purpose, consider the conformal map
z → ξ(z) = x(z) + iτ(z), z = 1 + iξ
1− iξ , (112)
which indeed maps the unit circle |z| = 1 to the real line
ξ = x ∈ R, as illustrated in Fig. 5. Specifically, the point
z = 1 is mapped to the origin of the real line x = 0,
whereas limθ→pi∓ eiθ are mapped to to x = ±∞. Notice
also that the origin z = 0 is mapped to ξ = +i, which we
will refer to as North pole N , while z =∞ is mapped to
ξ = −i, which we will refer to as South pole S.
Notice that
dz
dξ
=
2i
(1− iξ)2 , or ∂z =
(1− iξ)2
2i
∂ξ (113)
and therefore under z → ξ the generator ln is mapped
into the generator qn
qn ≡ −
(
1 + iξ
1− iξ
)n+1
(1− iξ)2
2i
∂ξ (114)
=
i
4
(1 + iξ)n+1(1− iξ)−n+1 1
2
(∂x − i∂τ ) (115)
where we used ∂ξ =
1
2 (∂x − i∂τ ). Specializing the holo-
morphic generator qn to the real line ξ = x, and switch-
ing from Euclidean time τ to Lorentzian time t, where
τ = it, so that ∂ξ =
1
2 (∂x + ∂t), we finally obtain the
right moving generator
qn =
i
4
(1 + ix)n+1(1− ix)−n+1(∂x + ∂t). (116)
Similarly, from z¯ = (1 − iξ¯)/(1 + iξ¯), we can build
antiholomorphic generators, which after switching to
Lorentzian time turn into the left moving generators
q¯n =
−i
4
(1− ix)n+1(1 + ix)−n+1 (∂x − ∂t) . (117)
For later reference, we write explicitly the generators
of global conformal transformation, namely
q0 =
i
4
(
1 + x2
)
(∂x + ∂t), (118)
q±1 =
i
4
(1± ix)2 (∂x + ∂t), (119)
q¯0 =
−i
4
(
1 + x2
)
(∂x − ∂t), (120)
q¯±1 =
−i
4
(1∓ ix)2 (∂x − ∂t). (121)
On the other hand, under the Moebius transformation
z → ξ, the stress-energy tensor changes simply as [16]
T (z)dz =
T (ξ)dξ
dz/dξ
=
(1− iξ)2
2i
T (ξ)dξ. (122)
Accordingly, the generators of conformal transformations
become
Qn =
−1
4pi
∫
dx
(
1 + ix
1− ix
)n+1
(1− ix)2T (x) (123)
=
−1
4pi
∫
dx (1 + ix)n+1(1− ix)−n+1T (x).(124)
where
∫
dx ≡ ∫R dξ. Similar derivations for the antiholo-
morphic component T¯ (z) of the stress-energy lead to
Q¯n =
−1
4pi
∫
dx (1− ix)n+1(1 + ix)−n+1T¯ (x) (125)
In particular, for n = 0,±1 we have the generators of
the global conformal transformations,
Q0 =
−1
4pi
∫
dx (1 + x2)T (x), (126)
Q±1 =
−1
4pi
∫
dx (1± ix)2T (x), (127)
Q¯0 =
−1
4pi
∫
R
dx (1 + x2)T¯ (x), (128)
Q¯±1 =
−1
4pi
∫
dx (1∓ ix)2T¯ (x). (129)
E. Global conformal transformations directly on
the real line
Let us now consider conformal transformations acting
on Minkowski space ξ = x − t. We specialize to their
action on the x axis, that is for t = 0. For simplicity,
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FIG. 6. In N-S quantization, the Euclidean plane ξ = x+iτ is
foliated with regards to the action of L′0+L¯
′
0, which in Hilbert
space on the real line τ = 0 acts as H +K1 = −i(1 + x2)∂τ
we restrict our attention to global conformal transforma-
tions,
(x, 0)→ (x, t0) time translations
(x, 0)→ (x+ x0, 0) space translations
(x, 0)→ γ(x,−vx) boosts
(x, 0)→ (λx, 0) dilations
(x, 0)→ (x, ax2) special conformal 1
(x, 0)→ ( x1−bx , 0) special conformal 2
(130)
where t0, x0, γ, v, a, b are real parameters. They are gen-
erated, both as a coordinate transformation and as a
Hilbert space transformation, by
i∂t, H ≡
∫
dx h(x) Hamiltonian
−i∂x, P ≡
∫
dx p(x) momentum generator
ix∂t, B ≡
∫
dx x h(x) boost generator
−ix∂x, D ≡
∫
dx x p(x) dilation generator
ix2∂t, K1 ≡
∫
dx x2 h(x) SC generator 1
−ix2∂x, K2 ≡
∫
dx x2 p(x) SC generator 1
(131)
where we have expressed the generators in terms of the
Hamiltonian and momentum densities h(x) and p(x),
h(z) =
−1
2pi
(
T (z) + T¯ (z¯)
)
, (132)
p(z) =
−1
2pi
(
T (z)− T¯ (z¯)) . (133)
These generators fulfil the expected commutation rela-
tions, including
[H,P ] = 0, [B,D] = 0, (134)
[B,H] = iP, [B,P ] = iH, (135)
[D,H] = iH, [D,P ] = iP. (136)
(137)
The above two sets of global conformal generators on
the real line can, of course, be written in terms of each
other. Explicitly, we find
q0 + q¯0 =
1 + x2
2
i∂t (138)
q0 − q¯0 = 1 + x
2
2
i∂x (139)
(q1 + q−1) + (q¯1 + q¯−1) = (1− x2)i∂t (140)
(q1 + q−1)− (q¯1 + q¯−1) = (1− x2)i∂x (141)
(q1 − q−1) + (q¯1 − q¯−1) = −2x∂t (142)
(q1 − q−1)− (q¯1 − q¯−1) = −2x∂x (143)
and, correspondingly,
Q0 + Q¯0 =
H +K1
2
(144)
Q0 − Q¯0 = −P +K2
2
(145)
(Q1 +Q−1) +
(
Q¯1 + Q¯−1
)
= H −K1 (146)
(Q1 +Q−1)−
(
Q¯1 + Q¯−1
)
= −P +K2 (147)
(Q1 −Q−1) +
(
Q¯1 − Q¯−1
)
= 2iB (148)
(Q1 −Q−1)−
(
Q¯1 − Q¯−1
)
= −2iD (149)
The ground state |Ψ〉 of CFT Hamiltonian H on the
line is the only state in the Hilbert space invariant under
the global conformal group and thus annihilated by all
these generators. More generally, |Ψ〉 is annihilated by
Qn|Ψ〉 = Q¯n|Ψ〉 = 0, ∀n ≥ −1. (150)
Notice in particular that |Ψ〉 is also the ground state of
Q0 + Q¯0 =
∫
dx
1 + x2
2
h(x) =
1
2
(H +K1) (151)
While the Hamiltonian H =
∫
dx h(x) has a continuous
spectrum, Q0 + Q¯0 has the same discrete spectrum as
L0+L¯0 on the circle, which is given in terms of the scaling
dimensions ∆α ≡ hα + h¯α of the local scaling operators
φα(x) of the theory [similarly, while the spectrum of P
is continuous, the spectrum of Q0 − Q¯0 = 12 (P + K2) is
discrete and given by the conformal spins sα ≡ hα− h¯α].
III. 1+1 FREE BOSON CFT ON THE REAL
LINE
In this appendix we specialize to the 1+1 dimensional
free boson CFT on the real line discussed in this paper.
We collect from [16] a number of well-known fact that
are used in the main text.
A. Stress-energy tensor
Consider the action
S ≡
∫
dx dt
1
2
(
(∂tφ)
2 − (∂xφ)2
)
(152)
14
which leads to a stress-energy tensor
T (x) = −2pi : ∂φ(x)∂φ(x) : (153)
T¯ (x) = −2pi : ∂¯φ(x)∂¯φ(x) : (154)
where ∂φ is a holomorphic (or right moving) field and ∂¯φ
is an antiholomorphic (or left moving) field,
∂φ(x) ≡ 1
2
(∂xφ(x)− i∂τφ(x)) (155)
=
1
2
(∂xφ(x)− pi(x)) , (156)
∂¯φ(x) ≡ 1
2
(∂xφ(x) + i∂τφ(x)) (157)
=
1
2
(∂xφ(x) + pi(x)) , (158)
and where we have identified ∂tφ(x) with pi(x). Therefore
the normal-ordered energy and momentum densities are
given by
h(x) ≡ : 1
2
[
pi(x)2 + (∂xφ(x))
2
]
: , (159)
p(x) ≡ − : pi(x)∂xφ(x) : . (160)
B. Generators of global conformal transformations
Introducing now the annihilation operators a(k) that
diagonalize the Hamiltonian H =
∫
dx h(x) =∫
dk |k| a(k)†a(k), namely
a(k) ≡
√
|k|
2
φ(k) + i
√
1
2|k|pi(k), (161)
where φ(k) ≡ 1√
2pi
∫
dx e−ikxφ(x) and pi(k) ≡
1√
2pi
∫
dx e−ikxpi(x) and [a(k), a(q)†] = δ(k − q), we can
write the global conformal generators as
H =
∫
dk |k| a(k)†a(k), (162)
P =
∫
dk k a(k)†a(k), (163)
B = i
∫
dk a(k)†
(
k∂k +
1
2
)
a(k), (164)
D = i
∫
dk a(k)†sgn(k)
(
k∂k +
1
2
)
a(k), (165)
K1 = −
∫
dk a(k)†sgn(k)
(
k∂2k + ∂k −
1
4k
)
a(k), (166)
K2 = −
∫
dk a(k)†
(
k∂2k + ∂k −
1
4k
)
a(k). (167)
C. Primary operators and OPE’s
The primaries in this theory are 1, ∂φ, ∂¯φ and the so-
called vertex operator : eiαφ :, with conformal dimensions
(h, h¯) being (0, 0), (1, 0), (0, 1) and (α
2
8pi ,
α2
8pi ) respectively.
From the free boson action S above, we can compute
the correlator
〈φ(x)φ(y)〉 = − 1
4pi
log((x− y)2) + const., (168)
by Gaussian integration. It follows that,
〈∂φ(x)∂φ(y)〉 = − 1
4pi
1
(x− y)2 , (169)
from which we can read the operator product expansion
(OPE) of ∂φ with itself,
∂φ(x)∂φ(y) ∼ − 1
4pi
1
(x− y)2 , (170)
where ∼ indicates that we neglect regular terms. The
stress tensor is precisely the ignored constant regular
term,
T (x) ≡ −2pi : ∂φ(x)∂φ(x) : (171)
≡ −2pi lim
y→x (∂φ(x)∂φ(y)− 〈∂φ(x)∂φ(y)〉) .(172)
We can then apply Wick’s theorem to obtain other
OPEs. For example,
T (x)∂φ(y) = −2pi : ∂φ(x)∂(x) : ∂φ(y) (173)
∼ ∂φ(y)
(x− y)2 +
∂y(∂φ(y))
(x− y) (174)
and
T (x)T (y) = 4pi2 : ∂φ(x)∂φ(x) :: ∂φ(y)∂φ(y) : (175)
∼ 1/2
(x− y)4 +
2T (y)
(x− y)2 +
∂yT (y)
(x− y) . (176)
All these expressions hold also for the cMERA smeared
operators ∂φΛ(x) = V ∂φ(x)V †, TΛ(x) = V T (x)V †, etc.
They can be obtained either by applying the symplec-
tic map V on the CFT expressions or, equivalently, by
defining normal ordering with respect to the cMERA an-
nihilation operators aΛ(k) and applying Wick’s theorem
directly on the smeared operators.
